The findings regarding the self-thinning rule in forest stands indicate that the rule may have a sort of 'asymptotic' status. It means the admittance of two theses:
Introduction
The famous '-3/2' self-thinning rule appeared in 1960s as a result of studies of the relationships between density of individuals and their mean volume/weight (in logarithmic representations) in plant populations (Yoda et al. 1963) . For the sake of justice, one has to note that the idea that forest stand density and mean sizes of plants in the population are self-limiting has a much deeper story. A 100 years ago, forest practitioners had known that the number of trees in a forest stand is inversely related to the mean sizes of the trees (see, e.g., Frothingham 1914). Reineke (1933) elaborated the understanding mathematically to find a relationship between stand density and mean quadratic diameter at breast height (dbh) called Reineke's rule and to formulate his stand density index. Some authors (Perala et al. 1999 ) explicitly give preference to Reineke's rule before '-3/2' rule arguing the latter to be purely descriptive.
Initially, the Reineke's rule was assumed to be described by a universal exponent -1.605, but it has been found later that the exponent may have a species-specific value. For example, the species-specific exponents have been determined by Pretzsch and Biber (2005) for four major European tree species. Vospernik and Sterba (2014) compared the competition-density rule and the self-thinning rule in the context of the potential density in 15 Austrian tree species. They analyzed the relations between the rules and argued the self-thinning rule to be a marginal case of the competition-density relationship. & Vladimir L. Gavrikov vgavrikov@sfu-kras.ru Hilmi (1955) explored the same hypothesis as Yoda et al. (1963) did-geometric similarity-but studied another relationship-between linear dimensions of trees and the stand density and got, naturally, the other slope of selfthinning curves (-1/2). Nevertheless, it is the '-3/2' rule that received the abundant response in publications (recent analyses may be found in Pretzsch (2006) , Vanclay and Sands (2009) , Larjavaara (2010) and other papers). It had been also recognized to be an important empirical generalization (Kofman 1986 ). During the decades followed the first publications by the authors of the '-3/2' rule, a substantial amount of data have been published, both in support to the rule and in the opposition to it. Kofman (1986) expressed an opinion that the deviation from the '-3/2' rule in published data was due to the violation of the primary supposition made to derive the rule, i.e., the hypothesis of the geometrical similarity. A few years later, Newton and Smith (1990) gave an illustrative example to this opinion. Comparing various data on selfthinning in black spruce, they received two distinct groups of data. Some data were consistent with the selfthinning rule, while others had sufficiently deviating parameters from the expected ones. The authors concluded that allometric relationships including diameters of trees were at least partly responsible for these deviations. Pretzsch (2006) studied the consistency of the self-thinning rule against data from long-term plots of a number of tree species. He found that the observed exponents significantly corresponded with the considered rules only in a minority of cases and concluded that the 'hope for a consistent scaling law fades away.'
Theoretical grounds underlying the existence of the selfthinning rule phenomena have been many times analyzed. Based on the data of thinning experiments, on the concepts of self-thinning rule, Reineke's stand density index and Assmann's theory Sterba (1987) stressed the physical sense of the self-thinning lines that show the potential (maximal) density of forest stands. West et al. (1997) developed a theoretical framework within which a suggestion has been put forward that the slope of the self-thinning should be -4/3 rather than -3/2. Larjavaara (2010) elaborated a physiological framework based on a consideration of toppling risk and maintenance cost in over-crowded populations at the state of stagnation equilibrium. The analysis of the ratio in the maintenance cost of inner bark and sapwood mass showed that the power exponent should be between -3/2 and -2/3 depending on the ratio. Vanclay and Sands (2009) working with a dynamic model found that self-thinning may be regulated by the maximum basal area, and in this case, the slope equals to -2. If the slope differs from -2, other predictors have to be used.
Besides the comparison of the self-thinning rule with empirical data, a number of efforts have been done to rethink the role and the status of the '-3/2' rule. Lonsdale (1990) came to a conclusion that by the time of his publication, no evidences of the rule holding were available. He nevertheless admitted that the existence of an ideal limiting line could not be rejected until crucial experiments were performed. Hamilton et al. (1995) commented that the size-density trajectories followed by plant populations under the self-thinning did not necessarily have a -3/2 slope. However, in their view, a more general assertion of some power rule giving an upper limit to self-thinning populations remained intact. Usoltsev (2003) in a review of the discussions around '-3/2' rule noted that the edge of the criticism of the rule was directed at whether the slope of the self-thinning curve equaled to -3/2 or not. At the same time, according to him, no doubts have been expressed of the very existence of a line limiting the self-thinning.
An analysis of the '-3/2' rule performed by Zeide (1987) is of special interest to this study. Instead of the original formulation of the rule, he considered the relationship linking the total biomass of trees with their number per unit area, which gives the slope -1/2. Analyzing the crown closure dynamics data from permanent sample plots, Zeide found that when the forest canopy was dense, the slopes exceed the value -1/2, and when gaps accumulated in the canopy, the slopes should be flatter than -1/2. Zeide came to a conclusion that the limiting line of self-thinning did not have a constant slope and the line should be curvilinear.
Nevertheless, in many cases the empirical data look like the forest stand trajectory slowly approaches a straight (in the log-log space) line as if it were an asymptote. Such evidences can be found in the work by Zeide (1987) as well. Perhaps, because of this the scientific discussion tended to give the rule an asymptote-like status. Mathematically, one could not consider the line as a true asymptote because it would imply an infinite time of its approaching, so strictly speaking it might be seen as an asymptote-like 'goal' of dynamics. Also, the line reflects a potential density of forest stand (Sterba 1987) .
The asymptote-like status of the rule means the admittance of a couple of theses: (1) The slopes of self-thinning trajectories may deviate from -3/2 value, that is, this value is not a marked out constant; (2) in the space 'size-density,' a limiting line exists that serves as a 'goal' for population dynamics which this dynamics tends to and, when reached, follows along the line.
It is also worth mentioning that the question of the selfthinning rule may be explored in two meanings, which are, however, not contradictory to each other. First, the densities of many forest stands could be related statically against their mean volumes/masses of trees. Second, the density of one particular forest stand could be followed in time as related to its mean volume/mass of trees.
The aim of the study was to test the asymptote-like status of the '-3/2' self-thinning rule in the second meaning, both theoretically and empirically.
Methods
To test the status of the '-3/2' rule, a model of bole surface growth of a forest stand has been explored. Despite the model's simplified (or one could even say 'oversimplified') structure, the model has been shown to hold enough similarity with real forest stands to predict essential parameters of 'size-density' and 'size-size' relationships (Gavrikov 2014) . Visually, the model corresponds to an idealized population of even-sized cones that can be described by the following relationships
where N is the quantity (or density) of figures, r and l stand for radius of the cone base and generatrix, respectively, c 1 and c 2 are parameters. To derive these relations, it was supposed that (1) the cones are narrow and high enough to accept that the generatrix l is approximately equal to the cone height h, i.e., l & h, and (2) if the quantity of the cones drops, their horizontal size grows accordingly. Importantly, it has been shown that when the total bole surfaceŜ was independent of N, i.e.,ŜðNÞ ¼ C ¼ const, then c 1 = c 2 . The latter equality means that the power exponent in (1) can be directly predicted from (2) and vice versa. IfŜ depends on N, i.e.,ŜðNÞ grows or drops with the decrease in N (as a result of self-thinning), then relationships between c 1 and c 2 can be predicted. Whittaker and Woodwell (1967) have shown that the surface area of stem wood can be effectively estimated from linear regressions on conic surface. Thus, the model provides an opportunity to formulate a simple and clear expression of the total bole surface area aŝ
The formula (3) along with (1) and (2) and the established properties of the model (Gavrikov 2014) were used to explore the question about the status of the '-3/2' selfthinning rule.
To verify the results of the model analysis, a number of data sources were used. The first group of data originates from levels-of-growing-stock studies in Douglasfir forest stands. The cooperative research was begun in the early 1960s to study the relations between growing stock, growth, cumulative wood production, and tree size in repeatedly thinned stands. At my disposal, there were five datasets: Hoskins (Marshall and Curtis 2001) , Iron Creek (Curtis and Marshall 2009a) , Rocky Brook (Curtis and Marshall 2009b) , Skykomish and Clemons (King et al. 2002) . Each report, along with the data on experimental (thinned) plots, contained the results of measurements on three control plots that were subjected to no treatment and therefore reflected a natural selfinduced forest stand dynamics. The data on the control plots were given by the authors in an aggregated form. It is these data on control plots that were used in this study. The following numbers of repeated measurements at different ages in the datasets were available for the analysis: Hoskins-10 measurements (ages span from 20 to 55 years), Iron Creek-10 (19-59 years), Rocky Brook-7 (29-70 years), Skykomish-9 (24-56 years) and Clemons-9 (19-50 years).
The reports contain abundant and detailed information on the Douglas-fir stand development with many parameters such as age of the plots, stand density N, mean height H, mean dbh D, quadratic mean diameter Dq, volume stock Vs and others. The minimal measures of mean diameter in the datasets varied from 16.6 cm (D) and 8.9 cm (Dq) for Iron Creek to 20.5 cm (D) and 12.1 cm (Dq) for Skykomish.
The total bole surface area BS of a forest stand was estimated through
that has been found earlier to be a useful approximation to stand surface area (Inoue 2004) . The use of quadratic mean diameter instead of mean dbh is of quite importance because in the forest science the volume stock is calculated via the quadratic mean diameter. Therefore the measure has been used to provide a compatibility with the data on the volume stock. It is the volume stock value that can be directly related to the '-3/2' rule, the analysis of which is the key point in this study. The second group of data was extracted from the book by Usoltsev (2010) who gathered a large collection of data (altogether over 10,000 descriptions) on phytomass of various fractions in forests, mostly from European and Asian studies. Among other parameters, the descriptions contain species mixture, site quality indices from I (the best) to V (the worst) according to the Russian scale of bonitation, age of forest stand, its density N, mean height H, mean dbh D and volume stock Vs. The descriptions are grouped by Usoltsev (2010) by the names of the authors, and the following Scots pine datasets were taken for the analysis (the numbers of individual descriptions for each dataset are given in brackets):
1. Uspenskii, pine plantations in Tambov region, Russia, site quality Ia (9), I (17) and II (4) 2. Mironenko, pine plantations in Tambov region, Russia, site quality Ia (15) and I (7) 3. Kozhevnikov, pine plantations, Belorussia, site quality I (5) 4. Gruk, pine plantations, Belorussia, site quality I (7) 5. Gabeev, natural pine forests at Novosibirsk, Russia, site quality I (5) 6. Kurbanov, natural pine forests at Yoshkar-Ola, Russia, site quality I (6) 7. Heinsdorf, natural pine forest at Eberswalde (Germany), site quality Ia (9), I (8), and II (11) The minimal mean dbh varied from 4.9 cm for Gruk to 24.2 cm for Kurbanov.
Each dataset for a definite site quality presents a number of descriptions of individual forest stands that differ by the age. The data on individual forest stands were subjected to no grouping or aggregation, and every individual description was treated as one measurement for a particular age. It means that the Scots pine data are static, which means that the data are descriptions of many forest stands at a particular age of the stands.
At the same time, the model assumes changes in the state of a forest stand with the decrease in the stems density N. It is not 'truly' dynamic as no account of time is involved, but the model is also not static because it implies a single forest stand undergoing changes. Therefore the data are suitable for testing of the model only to that extent to which the individual forest stands can be presented as a series of a single forest stand dynamics.
Because the model implies the analysis of a monotonous tendency of the total bole surface area, I had to subsample from the above-enumerated Scots pine datasets to extract such a simple monotonous tendency: increase, constancy or decrease of the total bole surface area. Such a separation of different tendencies is of importance for the analysis presented below. An advantage of the Scots pine datasets is that one can find there descriptions of the forest stands that are old enough to show sufficient decrease in measures of production, which is a rare case for data like those of Douglas-fir as most of the direct experiments operate with younger and hence good growing forests. A consideration of the dynamics stages when forest stands experience decrease in production is also of quite an importance for the analysis.The total bole surface area for the pine data was estimated through
It should be noted that the parameter of mean dbh is used in (5) because this is the only opportunity as no data on quadratic mean diameter are contained in the database by Usoltsev (2010) . Because mean dbh is always numerically larger than quadratic mean diameter for the same stand data, the use of quadratic mean diameter will, in principle, underestimate the value of bole surface area. On the other hand, this study does not suppose to compare the bole surface area between the Douglas-fir and pine data; the estimated exponents are also to compare only within the datasets. Therefore the difference between mean dbh and quadratic mean diameter should not influence inferences of the study.
The estimations of regression parameters in the relationships studied were performed with the help of STATISTICA 6 software. The software has the module of nonlinear estimation that provides the tools to perform various regressions based on various loss functions. In this study, ordinary least squares were used as the loss function that was minimized by the software through the Levenberg-Marquardt algorithm. The user-specified regression model was mostly a two-parameter power function of the form Y = a Á X b where Y and X are dependent and independent variable, respectively, and a and b are parameters. The main goal of the regression use was the estimation of the exponent b value.
Results and discussion

Theoretical analysis
Let us consider three types of relationships that describe the dynamics of an even-aged forest stand; these are dependencies of: (1) mean radius of tree trunks r on the stand density, i.e., r(N), (2) total bole surface areaŜ on the stand density, i.e.,ŜðNÞ, and (3) mean per tree volume stock Vs on the stand density, i.e., VsðNÞ. The relationship r(N) according to the model takes the form (1). The functionŝ SðNÞ and VsðNÞ are also supposed to take a form of a power function as follows:
The relations (6) and (7) are not to say that the power function is the only or the best form to describe the relations. It is only implied that real non-monotonous curves may be divided into more or less monotonous segments within which a certain tendency can be seen, e.g., fast growth, slow growth and slow decrease. Supposedly, it is these segments that may be approximated by a power function and the exponent of the function gives an estimation of the intensity of the tendency, growth or fall. Another reason to use the form of a power function is that it allows one to easily study the relationships through a purely analytical approach.
One can note that the exponent b in (7) is the very factor that has been a keystone of the self-thinning rule's analysis as it exactly corresponds to the slope of a self-thinning line in log-log coordinates. The interrelationships of c 1 , a and b are in the center of the research below.
According to (3) an expression for VsðNÞ may be found. A multiplication of the both sides of the equality by r gives
whereVs stands for the total volume stock of the model population. Dividing of the expression by N produces then a basic formula for the mean per tree volume stock as
The expression (8) may be analyzed by various methods since the relationships r(N) andŜðNÞ can be known or assessed. Let us take the relationships r(N) andŜðNÞ in the form (1) and (6), respectively. Then (8) can be rewritten as
where K is a normalization constant. It follows from (9) straightforwardly that
which permits a couple of inferences regarding the main question of the study. The first one sounds like there cannot be one unique self-thinning line slope b that fits with every forest stand. The reason to think so may be a general consideration that both c 1 and a are highly probable to be very individual for particular forest stands subjected to self-thinning. The parameters should depend on a number of internal and external factors as spatial distribution of trunks, genetic variability of the population, etc. It is hard to imagine that c 1 and a from different forest stands are so finely tuned to each other to give the same b in all cases. Another inference from (10) is that even within one particular forest stand the slope b does not remain constant in the course of time. Indeed, there is no forbidding for both c 1 and a varying during the life of individual forest stand. In particular, it may concern the latter parameter as at growing stage ofŜðNÞ a \ 0, whenŜðNÞ remains constant a & 0 and whenŜðNÞ falls a [ 0. Even if c 1 alters correspondingly, it is unlikely to expect c 1 and a to exactly compensate each other. This can be easily demonstrated on the example of the most prolonged dataset on Douglas-fir growth, the Hoskins experiment (Marshall and Curtis 2001) (Fig. 1) .
In the Fig. 1a , the dynamics of the total bole surface area estimated through (4) was visually divided into more or less monotonous segments (marked by straight lines) that corresponded to the defined stages/tendencies of growth: fast growth, slow growth and decrease. Then for the same stages in the relationship VsðNÞ, the parameter b was estimated (Fig. 1b) . It is clear from the example that the slope in VsðNÞ evolves with the drop in the stand density, and more precisely, it evolves from the value b \ -3/2 to b [ -3/2, which will be dealt with in the later sections of the study. VsðNÞ / N b (b) in Hoskins experiment (Marshall and Curtis 2001) in the course of growth of the same forest stand. TheŜ axis denotes the estimation of the bole surface area according to (4) in ha. The Vs axis denotes the mean per tree trunk volume in cubic decimeters. The straight lines in (a) serve merely to mark the defined stages of dynamics, key: 1 fast growth, 2 slow growth, 3 decrease of S. The values of b in (b) were estimated for the same stages of the relationship Vs. With asterisk the value is denoted that is significant at p \ 0.1. All other estimated parameters are significant at p \ 0.05. The values of c 1 of the relationship r(N) for the same defined stages are: 1 2.114; 2 1.277; 3 1.025 (all of them are significant at p \ 0.05) Eur J Forest Res (2015) 134:715-724 719 Accuracy of the model prediction of the slope in VsðNÞ
In the above given example, the values of b were estimated through regression procedures, so they have an empirical status. At the same time, it is worth comparing the regression values of b with the values of b calculated through c 1 and a to see how the formula (10) is good in principle.
To evaluate the formula (10), all the datasets used were treated as follows. The curves of the total bole surface area dynamicsŜðNÞ were divided into more or less monotonous segments, analogically to the Fig. 1a , with each segment expressing a definite tendency of growth. Then the parameters c 1 and a were estimated for the segments, and with the help of them, the calculated b c were found through (8). For the same segments, the regression values of b r were found. The comparisons of b r and b c are given in the Tables 1 and 2 and in Fig. 2 .
As follows from Table 1 and Fig. 2 , there is a sufficiently good correspondence between the calculated from (10) b c and b r that was approximated from Douglas-fir data by regression. In most of the cases the model (i.e., b c ) slightly underestimates the values of b r . Taking, however, into consideration that the model of forest stand structure is a very simple, one suggests that such a result may be more than satisfactory.
On the other hand, a comparison of b c and b r for the Scots pine data reveals larger deviations between them ( Table 2) . The most probable cause for the deviations is that the values of mean dbh, not those of quadratic mean diameter, were used in the calculations of the total bole surface area according to (5). The quadratic mean diameter is known to be not only different from mean dbh but also related to it by a curvilinear relationship. This can be shown again on the example of Hoskins experiment data. The quadratic mean diameter Dq measured consecutively over time in the Hoskins forest stand is related to the mean dbh D as Dq = 0.012D 2 ? 0.04D ? 4.47 (R 2 = 0.9994), with the constant term being significant at p \ 0.05. Such a result implies that when D = 0 Dq = 0, which may be a source of the deviations if the mean dbh is used instead of the quadratic mean diameter. It is necessary to note that, theoretically, D = 0 and Dq = 0 at the same time but for the real data far from zero the relation between the diameters may introduce a sort of distortion in the calculations.
Relation of b r to a in the context of 23/2 slope The model says [see, e.g., (10)] that the value of a exerts a sufficient influence on the value of b. This is because, first, according to the observations a may be relatively big and, second, it may change its sign to the opposite. That is why, it is worth looking at how estimated a relates to the estimated b r . Figure 3 summarizes the data on the relationships b r (a) for the Douglas-fir database. A couple of findings can be derived from the chart. In spite of the substantial differences in the initial stand densities (4244 trees/ha in Hoskins vs. 1467 trees/ha in Skykomish experiments, see the correspondent references) and their different evolution over the time the trajectories of all the Douglas-fir stands go through a very narrow band in terms of the relationship b r (a). This may imply that all the Douglas-fir plantations show an extremely high similarity of growth on the plane 'a -b r. ' Another finding is that all the trajectories tend to approach the point of the chart where a = 0 and b r = -3/2. Unfortunately, only one Douglas-fir stand (Hoskins The case of Hoskins suggests that the point a = 0, b r = -3/2 is not an asymptote; the trajectory passes through it and continues to grow. This idea may be assessed with the help of the pine database as many of the pine forest stands have sufficiently high age and, more importantly, in terms of the total bole surface area show tendencies other that mere growth, e.g., a constant level or a decrease in the area.
Details of the relationship b r (a) for the Scots pine data are given in Fig. 4 . Some datasets in the figure are represented by a single point because they describe a single tendency in theŜðNÞ evolution (see Table 2 ). Nevertheless, both multipoint trajectories and single points representing quite different pine forest stands tend to lie in a narrow band and cross the point a = 0, b r = -3/2, as well as in the case of Douglas-fir. It is also clearly seen that the more the positive values of a, the farther the values of b r up from the line -3/2. The examples of Heinsdorf Ia and Heinsdorf II datasets (see Table 2 ) show that the sharper the decrease inŜðNÞ, the farther the value of b r shifts up from the line -3/2. There are therefore two inferences that follow from the data. The first is that forest stands in the course of their self-thinning tend to cross the point a = 0, b r = -3/2 on the plane 'a -b r. ' Remember that a = 0 means independence of the total bole surface areaŜ of N, i.e., while the stand density proceeds to fall down, the areaŜ stays constant. Taking into account (10) shows that the only solution for a = 0 and b r = -3/2 at the same time is when c 1 = c 2 = 1. The latter equality and (2) the height of trees is proportional to the radius of its basethat is that the geometrical similarity takes place over a certain span of the forest growth time. This is the particular time when theses three peculiarities coincide together: (1) independence of the total bole surface areaŜ of N, (2) geometrical similarity in the growth of trees and hence (3) the value of the self-thinning slope b r = -3/2.
Another inference is that the value -3/2 is not a goal (in the sense of an asymptote) for the evolution of the selfthinning curve slope. The value of b r passes through the level of -3/2, and if a continues to grow, then b r grows correspondingly.
Graphically, these ideas are presented in Fig. 5 .
Conclusion
Comparisons of the theoretically derived self-thinning rules with empirical data (Pretzsch 2006 ) evidence that the estimated slopes vary significantly among species and individual forest stands. The analysis performed above dealt with variations of the slope within an individual forest stand, and it reveals that '-3/2' rule takes a definite and special place in these variations. The application of the simple geometrical model to the Douglas-fir and Scots pine data suggests that the slope of the self-thinning curve VsðNÞ will not remain constant during the course of growth and self-thinning of a single forest stand. Most probable, at the initial stages of stand growth, the slope will be less than -3/2, and at old ages of the stand, the slope will be higher than -3/2. Inevitably, a time will come when the slope is exactly equals -3/2. In other words, the slope -3/2 is an obligatory state in the course of self-thinning of a forest stand. A similar consideration has been suggested by Zeide (1987) who derived the evolution of the self-thinning curve slope from canopy closure dynamics. In this study, the self-thinning slopes were explored on the basis of a very transparent geometric model of forest stand.
At the very time of -3/2 slope, two particular features coincide with it. One is that the total bole surface area remains constant. The length of the constancy stage would probably vary with species, initial stand densities, their spatial arrangements, conditions of growth and other specific factors. Another feature of the time, from the point of view of the model, is that the model parameters c 1 and c 2 are equal to each other and unity, c 1 = c 2 = 1. The latter implies a geometric similarity in the growth of the forest stand, which is not in a contradiction with the '-3/2' rule as it had been formulated by its authors.
To put it shortly, the slope -3/2:
1. is a very specific and obligatory state in the process of forest stand growth and 2. is not an asymptote-like but rather a transitional point (or may be a span) in the time of growth.
These two assertions may be called a 'transitional status of the '-3/2' rule.'
The introduction of stem surface area into analyses of forest stands structure and dynamics seems to be a rather fruitful approach that allows getting important inferences in the research scope (Inoue 2004; Larjavaara 2010) . A geometric model of a forest stand using the approach of stem surface area (Gavrikov 2014 ) has proved to be rather helpful in analyzing self-thinning processes in real forest stands. Despite its extreme simplicity (it uses cones as representations of trees), the model looks like having enough similarity with real even-aged forests since the model's predictions are often reasonably close to measured values of power exponents.
